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ON CERTAIN q−BASKAKOV-DURRMEYER OPERATORS
ASHA R. GAIROLA - GIRISH DOBHAL - KARUNESH K. SINGH
In this paper we introduce a q− analogue of Baskakaov-beta opera-
tors. We establish Voronovskaja-type theorem and obtain local error esti-
mates by these q−operators in uniform norm by using the Ditzian-Totik
weighted modulus of smoothness for 0 < q < 1.
1. Introduction
Among various modifications of the celebrated Bernstein polynomials, (cf.[5],
[15]) the q− variant based on q-integers was introduced by Phillips in 1997 [19]
as















k∏n−k−1r=0 (1−qrx). Since then these operators have been
studied by several authors (cf.[17], [20]-[25]). Derriennic [3] introduced a q-
analogue of the Durrmeyer operators and established some approximation prop-
erties of these operators. In the sequel q-analogue of many well known positive
linear operators e.g. Baskakov, modified-beta and Sza´sz operators have been
introduced and studied by several authors (cf. [1], [8], [12], [9],[10]). For
f ∈ CB[0,∞) (the class of continuous and bounded functions on [0,∞)) we in-
troduce the q− Baskakov-Durrmeyer operators Ln,q as follows:
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In the sequel we need some definitions of q− calculus which can be found in
[14] and [20]. Let q be a real number in (0,1) and N be the set of positive
integers.





2+ ...+qn−1, q 6= 1




[n]q[n−1]q[n−2]q.....[1]q, n ∈ N
1, n = 0















respectively. The q− analogue Exq of classical exponential function which we









For further properties see [14]. The q− Jackson integrals and q− improper
integrals are given by (cf. [13], [16])
a∫
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, A > 0
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respectively, where the sums are assumed to be absolutely convergent.
For q∈ (0,1) and any arbitrary real function f :R→R, the q−derivative Dq f (t)
is defined as
Dq f (t) =

f (t)− f (qt)
(1−q)t ; t 6= 0
limt→0 Dq f (t); t = 0.
The product formula for q−differentiation is given by
Dq( f (x)g(x)) = f (qx)Dq(g(x))+g(x)Dq( f (x)).
Analogous to the ordinary gamma and beta functions the q−gamma Γq(t) and
















q . In case t ∈ N, we have
K(x,n) = q
n(n−1)






In the limit q ↑ 1 the functions Γq(t) and Bq(t,s) reduce to Γ(t) and B(t,s) re-
spectively. Moreover, these functions also satisfy certain properties, similar to
those of Γ(t) and B(t,s). By CrB[0,∞),r ∈ N we denote the set of r times dif-
ferentiable functions such that f (r) ∈CB[0,∞). The space CB[0,∞) is normed by
‖ f‖= sup{| f (x)| : x∈ [0,∞)}. The K-functional and the modulus of smoothness
used in this paper are given as follows:




{‖ f −g‖+ t2‖ϕ2λg′′‖+ t4‖g′′‖},
where 06 λ 6 1 and W 2ϕλ = {g∈CB[0,∞) : g′ ∈ ACloc[0,∞),ϕ2λg′′ ∈CB[0,∞)}.
It is known [4] that there exist absolute constants C1,C2 > 0 such that
C1K2,ϕ( f , t2)6 ω2ϕλ ( f , t)6C2K2,ϕ( f , t
2), (1)
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where





is the second order modulus of smoothness of f and ϕλ (x) is the admissible
weight function of the Ditzian-Totik modulus of smoothness. It is easy to see
that ϕλ (x) satisfies properties (I)-(III) p.8 [4]. In what follows, we shall use the
notations ϕ(x) =
√




. The symbols⇒ and
⊂ stand for uniform convergence and proper inclusion respectively. Further, the
constant C is different at each occurrence.
2. Moments







where Dq denotes the q−derivative operator.











for the function g(z) = 1(1+z)nq and then put z = 0, and in view of the relation
(−x)kq = qk(k−1)/2(−1)kxk
we obtain the identity


























Lemma 2.3. Let us define Tn,m(x) = Ln,q(em,x), em = tm, m = 0,1,2... Then,
we have
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qm+1[n−m−1]q ,n> m+2. (3)

































































where we have used the relation [k+1]q = qk +[k]q. Now, as in the estimate of
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To simplify the integral, we make use of the chain rule (which is applicable
only for this particular transformation) for the transformation u = qz, which





























Therefore, we get I1 = −[m+ 1]qTn,m(qx) and I2 = −[m+ 2]qq−1Tn,m+1(qx).
Combining these expressions and using q−1
(
[n+ 1]q− [m+ 2]q
)
= qm+1[n−
m−1]q, we obtain (3). From this recurrence relation, Tn,2 is easily obtained.
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Corollary 2.4. The operators Ln,q( f ,x) are linear and preserve constants. Us-










































It can be verified that the coefficient of x
q(q+1)2[n]q−2q4[n−2]q− [n+1]q[n]q+2q4[n]q[n−2]q












It is observed that a j 6 2 : j = 5,6, ....2n+ 1. Hence, Numerator 6 4(1+ q+
q2......+q2n+1) = 4[2n+2]q
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Corollary 2.5. For q = 1 we obtain the moments of the mixed summation-
integral type operators Bn given in [11].
Lemma 2.6. Let m ∈ N,0 < q < 1. There exists a constant C independent of x








∀q ∈ (0, qˆ].
Proof. The proof is similar to Lemma 5 of [7].
3. Convergence
The operators Ln,q do not satisfy the conditions of the Bohman-Korovkin the-
orem in case 0 < q < 1. To make this theorem applicable we can choose a
sequence (qn) in place of the number q such that limn→∞ qn = 1. With this mod-
ification we obtain
Theorem 3.1. Let (qn), 0 < qn < 1 be a real sequence such that limn→∞ qn = 1.
Then, the sequence Ln,qn( f ,x)⇒ f for any f ∈CB[0,∞),x ∈ [a,b]⊂ (0,∞).
















Proof. From finite Taylor’s expansion for the function f around x, given in [21],



































n (x) the theorem follows.
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Theorem 3.3 (Voronovskaya-type). If f ∈ C2B[0,∞), and qn be a sequence in




Ln,qn( f ,x)− f (x)
]
= (1+ x) f ′(x)+ f ′′(x).
Proof. The proof follows from Theorem 3.2 and the limits
lim
n→∞[n−1]qnLn,qn((t− x)
j,x), j = 1,2.
In view of the limit limqn→1[n]qn = n, we get
lim






We write Ln,qn((t− x)2,x) = a0+a1x+a2x2, where ai are the coefficients of xi






We obtain the limits limn→∞[n−1]qna0 = limn→∞[n−1]qn q
3
n(1+qn)
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4. Local Error Estimates
Theorem 4.1. Let f ∈CB[0,∞) and x ∈ (0,∞), then for n> 2, we have





Proof. In view of Ln,q(1,x) = 1 and Ho¨lder’s inequality, we obtain∣∣Ln,q( f ,x)− f (x)∣∣ 6 δ−1ω( f ,δ )Ln,q(|u− x|,x)+ω( f ,δ )Ln,q(1,x)




(u− x)2,x)+ω( f ,δ )











q6[n−1]q δn(x) the theorem follows.
Theorem 4.2. Let f ∈ CB[0,∞), q ∈ (0,1) and n > 2. Then, for all x ∈ [0,∞)
and f ∈CB[0,∞) we have














where C is positive constant.
Proof. The proof is similar to the proof of Theorem 1 [2].
In the following theorem we generalize Theorem 4.2. We obtain the error
estimate in terms of weighted Ditzian-Totik modulus of smoothness. For λ = 0,
Theorem 4.2 is obtained as a particular case.
Theorem 4.3. Let f ∈CB[0,∞) q ∈ (0,1), and 06 λ 6 1. Then, for n> 2,q ∈
(0, qˆ] there holds


















Proof. We introduce the auxiliary operators L∗n,q defined by
L∗n,q( f ,x) = Ln,q( f ,x)− f (x+ z)+ f (x), (5)
where z = q+[n]qxq2[n−1]q and x ∈ [0,∞). The operators L∗n,q are obviously linear and
preserve the linear functions. Moreover, it follows from direct calculations that
L∗n,q(t− x,x) = 0. (6)
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Now, in view of the linearity of the operators Ln,q it follows that
|Ln,q( f ,x)− f (x)| 6 |L∗n,q( f −g,x)− ( f −g)(x)|
+ |L∗n,q(g,x)−g(x)|+
∣∣ f (x+ z)− f (x)∣∣.
Using the smoothness of g, and in view of (6), we get
|L∗n,q(g,x)−g(x)| 6




where R2(g, t,x) =
t∫
x
(t−u)g′′(u)du. It is known (see [4] p141) that
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|L∗n,q( f −g,x)− ( f −g)(x)|6 Ln,q( f −g,x)|
+‖ f −g‖6 ‖ f −g‖Ln,q(1,x)+‖ f −g‖6 2‖ f −g‖.
Hence, we obtain
















+ | f (x+ z)− f (x)|.
Finally, in view of equivalence (1) of K2,ϕλ ( f , t
2) and ω2ϕλ ( f , t) we get


























This completes the proof of the theorem.
Let CB,x2 [0,∞) be the space of the continuous and bounded functions defined
on [0,∞) such that | f (x)| 6 C(1+ x2), where C is a constant depending on f .
The space C∗x2 [0,∞) is defined by { f ∈ CB,x2 [0,∞) : sup | f (x)|1+x2 < ∞}. We define
‖ f‖x2 by sup | f (x)|1+x2 in the space C∗x2 [0,∞). For a positive number a, we define




| f (t)− f (x)|
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the usual modulus of continuity of f on the closed interval [0,a]. It is known that
for a function f ∈Cx2 [0,∞), modulus of continuity ωa( f ,δ ) tends to zero. From
similar methods in Theorem 2 and Theorem 4 of [2] we obtain the following
results:
Theorem 4.4. Let f ∈ Cx2 [0,∞),q = qn ∈ (0,1) such that qn → 1 as n→ ∞
and ωa+1be its modulus of continuity on finite interval [0,a+1]⊂ [0,∞) where
a > 0. Then, for every n > 1







where K = 48C(1+a2)(1+a+a2).
Theorem 4.5. Let q = qn satisfies 0 < qn < 1 and let qn → 1 as n→ ∞. For
each f ∈Cx2 [0,∞), and α > 0, we have
lim
n→∞ supx∈[0,∞)
|Ln,qn( f ,x)− f (x)|
(1+ x2)α
= 0.
In the end we give an error estimate for the functions in a subclass of the
space LipMα.
Theorem 4.6. Let f ∈CB[0,∞)∩LipMα, α ∈ (0,1] for x ∈ [0,A] A > 0. Then,






Proof. In view of Ln,q(1) = 1, we can write






















2 , in Ho¨lder’s inequality, we obtain










This completes the proof.
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